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Holomorphic isometries of twistor spaces
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Abstract

Let Zg(M) be the twistor space over an oriented 2n-dimensional Riemannian manifold(M, g)

with nonpositive and parallel Ricci tensor. Leth andJ be the natural metric and almost complex
structure onZg(M), respectively. We prove that any isometry of the twistor spaceZg(M) preserves
the horizontal and vertical distributions. WhenM is compact, we give an estimate of the dimension
of the groups of isometries and holomorphic isometries on the twistor space. In particular, ifM is
a compact almost Kähler manifold with the same properties of curvature and the Ricci tensor is
negative, then the group of the holomorphic isometries is finite. © 2002 Elsevier Science B.V. All
rights reserved.
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1. Introduction

The twistor space over an oriented 2n-dimensional Riemannian manifold(M, g) is the
bundle associated to the principal bundle of positive orthonormal frames onM, with standard
fibre the Hermitian symmetric space SO(2n)/U(n). The fibres of this bundle parametrise
the positive orthogonal complex structures of each tangent space toM. The Levi–Civita
connection on the bundle of positive orthonormal frames onM gives a horizontal distribution
on the twistor bundle and, consequently, a splitting of its tangent bundle. A natural metric
h on the twistor bundle is defined by requiring that, the horizontal and vertical distributions
are orthogonal,h restricted to the fibres is the standard metric on SO(2n)/U(n) and the
bundle projection is a Riemannian submersion (see e.g. [4]). For a general discussion on
these metrics see, for instance, [1], where such constructions are studied to produce examples
of Einstein manifolds.
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One of the main features of the twistor space is the existence of an almost complex
structureJ on it, that is compatible with the natural metrich. This almost complex structure
is integrable if and only if the baseM is conformally flat, forn > 2, and anti-self-dual,
for n = 2. Moreover, whenM is compact, the metrich on (Zg(M), J) is Kählerian if and
only if M is the sphere, forn > 2, andS4 or the complex projective plane forn = 2 (see
[2,3,7,11]).

The vanishing theorem of Bochner says that, if a compact Riemannian manifold has
nonpositive Ricci tensor, then any Killing vector field is parallel. Moreover, if there exists
a point such that the Ricci tensor is negative, then there are no nontrivial Killing vector
fields and so the isometry group is finite. Similarly, if a compact almost Kähler manifold
has nonpositive Ricci tensor, then any holomorphic vector field is parallel. Besides, if there
exists a point such that the Ricci tensor is negative, then there are no nontrivial holomorphic
vector fields and so the group of the biholomorphisms is finite (see [6,8,13]). A generalisation
of Bochner’s theorem for compact balanced Hermitian manifolds is given in [5].

In this paper we consider the twistor space over a Riemannian manifoldM with nonpos-
itive and parallel Ricci tensor. We prove that every isometry of the twistor space preserves
the horizontal and vertical distributions. As a consequence, the Killing vector fields on the
twistor space are characterised. In fact, ifξ is a such vector field, thenξ may be decomposed
as a sum of a horizontal lift of a Killing vector fieldX on the base and a Killing vector field
tangent to the fibres. Moreover, there are no nontrivial holomorphic vertical Killing vector
fields onZg(M). WhenM is compact, we give an estimate for the dimension of the groups
of the isometries and holomorphic isometries ofZg(M). As a corollary, if the baseM is
compact almost Kähler with negative and parallel Ricci tensor, then there are no nontrivial
holomorphic Killing vector fields on(Zg(M), h, J) and the holomorphic isometry group is
finite.

Analogous results for the isometries of the tangent sphere bundle with the Sasaki metric
are obtained in [9]. See also [14,15].

We would like to thank Paolo de Bartolomeis and Antonella Nannicini for useful discus-
sions and remarks.

2. Generalities

Let(M, g)be an oriented 2n-dimensional Riemannian manifold, SOg(M)be the SO(2n)-
principal bundle of orientedg-orthonormal frames onM andπ : SOg(M) → M denotes
the canonical projection. By definition, thetwistor spaceZg(M) overM is the associated
bundle to SOg(M) with standard fibreZ(n) := SO(2n)/U(n), i.e.

Zg(M) = SOg(M) ×SO(2n) SO(2n)/U(n),

where the group SO(2n) acts on the right on SOg(M) and on the left on SO(2n)/U(n) in
the following way:

SO(2n) × SOg(M) × SO(2n)/U(n) → SOg(M) × SO(2n)/U(n)

(a, u,XU(n)) �→ (ua, a−1XU(n)).
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We will denote byr : Zg(M) → M and byp : SOg(M) → Zg(M) the canonical
projections.

Let ω be the Levi–Civita connection on SOg(M) and, for anyu ∈ SOg(M),

TuSOg(M) = Hu + Vu

the induced splitting of the tangent spaceTuSOg(M) with Hu = Kerωu.
The connectionω induces also a splitting ofTZg(M). For anyP ∈ Zg(M), let u ∈

p−1(P ); then

TPZg(M) = p∗(Hu) + p∗(Vu),

whereHP := p∗(Hu) is the horizontal tangent space andVP := p∗(Vu) is the tangent
space to the fibreZg(M)r(P ) of Zg(M) overr(P ), i. e. the vertical tangent space. We have

VP = {X ∈ so(Tr(P )M, gr(P ))|P ◦ X = −X ◦ P },
whereP is viewed as a positive orthogonal complex structure onTr(P )M. We may identify
the vertical tangent space atP to

{X ∈ so(2n)|PX = −XP} = {Ŷ (P )|Y ∈ so(2n)},
whereŶ (P ) := [Y, P ] is the Lie bracket onso(2n).

For any pair(Â, B̂) of vertical tangent vectors ofTPZg(M), we set

〈Â, B̂〉P := −Tr(AB+ APBP).

Then we define thetwistor metrich onZg(M) as

h(ξ, η) = g(r∗ξH, r∗ηH) + 〈ξV, ηV〉P , (1)

whereξH, ηH denote the horizontal components ofξ , η ∈ TPZg(M) and ξV, ηV the
vertical ones. By definition, the horizontal and vertical distributions areh-orthogonal, and
the projectionr : Zg(M) → M is a Riemannian submersion.

We recall also the definition of the almost complex structureJ onZg(M) (see for instance
[4]). For any tangent vectorX to Zg(M) in P , we set

JP (X) = (r−1
∗ ◦ P ◦ r∗)(XH) + P ◦ XV .

ThenJ defines an almost complex structure onZg(M).
Now we are going to define local frames of horizontal and vertical distributions. Let

{E1, . . . , E2n} be a local orientedg-orthonormal frame onM andΓ k
ij the Christoffel’s

symbols. ThenΓ k
ij are skew-symmetric in the indicesj andk, so thatΓ ·

i· is in so(2n),

for i = 1, . . . ,2n. Let {Ẽ1, . . . , Ẽ2n} be the horizontal lifts of{E1, . . . , E2n} on the fibre
bundle SOg(M) and

Ê1 = p∗(Ẽ1), . . . , Ê2n = p∗(Ẽ2n).
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The local vector fields{Ê1, . . . , Ê2n} give a local frame of the horizontal distribution on
Zg(M). In terms of the trivialisation induced by{E1, . . . , E2n}, we have

Êj (P ) = Ej(r(P )) − [Γ ·
j ·(r(P )), P ]rs

∂

∂P r
s

. (2)

LetX(SO(2n)/U(n)) be the Lie algebra of vector fields on SO(2n)/U(n). For any matrix
A ∈ so(2n), we denote by

ˆ : so(2n) → X(SO(2n)/U(n))

the map defined by

ˆ(A)(P ) = [A,P ]
∂

∂P
. (3)

We recall that̂ is an isomorphism forn > 2, while, forn = 2, its kernel is isomorphic to
su(2) (see [4,10]).

We define local vertical vector fieldŝAα, for α = 1, . . . , n2 − n, onZg(M), by

Âα = [Aα(r(P )), P ]
∂

∂P
, (4)

whereAα(·) are inso(2n). Note that, forj = 1, . . . ,2n,

Êj (P ) = Ej(r(P )) − Γ̂ ·
j ·(P )

and

J(Êj (P )) = P k
j Êk(P ).

Let us denote bŷ∇, ∇̌ and∇, the covariant derivative of(Zg(M), h), of the fibre(Zg(M))x
over anyx ∈ M and of(M, g), respectively.

We have the following formulas (see [4]):

[Êi , Êj ] = (Γ k
ij − Γ k

ji )Êk −ˆ(R·
·ij ), (5)

[Êi , Âα] =ˆ(Ei(Aα) + [Γ ·
i ·, Aα]), (6)

[Aα,Aβ ] = −[Âα, Aβ ], (7)

∇̂
Êi
Êj = Γ k

ij Êk − 1
2̂ (R·

·ij ), (8)

∇̂
Êi
Âα = 1

2h(ˆ(R·
·ik), Âα)Êk +ˆ(Ei(Aα) + [Γ ·

i·, Aα]), (9)

∇̂
Âα

Êi = 1
2h(ˆ(R·

·ik), Âα)Êk, (10)

∇̂
Âα

Âβ = ∇̌
Âα

Âβ . (11)

Note that formula (11) holds for any pair of vertical vectorÂ, B̂. Now we recall the definition
of the O’Neill tensorA. For any pair of vector fieldsξ, η onZg(M) letAξ η be defined by

Aξ η = (∇̂ξHηV)H + (∇̂ξHηH)V .
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Then we have:

A
Êi
Êj = −1

2̂ (R·
·ij ), (12)

A
Êi
Âα = 1

2h(ˆ(R·
·ik), Âα)Êk, (13)

A
Âα

Êi = 0, (14)

A
Âα

Âβ = 0. (15)

3. Twistor isometries

In order to estimate the dimension of the isometry group of the twistor spaceZg(M), we
start by proving the following

Proposition 3.1. Let (M, g) be an oriented2n-dimensional Riemannian manifold and
(Zg(M), h) its twistor space endowed with the twistor metric. If the Ricci tensor of(M, g)

is parallel and nonpositive, then every isometry of(Zg(M), h) preserves the horizontal and
vertical distributions.
To prove the proposition, we need the following fact of linear algebra

Lemma 3.1. Let (E, h) be a Euclidean vector space. LetH be a subspace ofE andS be
a symmetric bilinear form onE such that

S(u, u) ≤ 0 ∀u ∈ H ; S(u,w) = 0 ∀u ∈ H,w ∈ H⊥;
S(w,w) > 0 ∀w ∈ H⊥, w �= 0,

where⊥ means the orthogonal with respect toh. If a linear isometryf of (E, h) preserves
S, thenf (H) = H andf (H⊥) = H⊥.

Proof. Let v ∈ H , v �= 0 andf (v) = u + w, whereu ∈ H andw ∈ H⊥. We will prove
thatw = 0. Sincef is an isometry preservingS andS(u,w) = 0 for all u ∈ H , w ∈ H⊥,
we have

S(f (H), f (H)⊥) = S(f (H), f (H⊥)) = S(H,H⊥) = 0. (16)

Notice thatu �= 0, otherwisef (v) = w ∈ H⊥ \ {0} and, consequently,

0 ≥ S(v, v) = S(f (v), f (v)) = S(w,w) > 0.

We consider the vector−(h(w,w)/h(u, u))u+w, h-orthogonal tof (v) = u+w. There-
fore, by Eq. (16), we get

0 = S

(
u + w,−h(w,w)

h(u, u)
u + w

)
= −h(w,w)

h(u, u)
S(u, u) + S(w,w).

This impliesS(w,w) = 0 and sow = 0. This ends the proof. �
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Proof of Proposition 3.1. We compute the Ricci tensorŜ of (Zg(M), h). LetX, Y be hori-
zontal vector fields onZg(M), V , W be vertical vector fields onZg(M) and{Ê1, . . . , Ê2n}
a local orthonormal basis of the horizontal distribution. Let us denote byS andŠ the Ricci
tensors ofM and of the fibre ofZg(M), respectively. By the O’Neill formulas for the
curvature (see e.g. [1,4]) we get

Ŝ(X, Y ) = S(X, Y ) − 2h(AXÊi,AY Êi), Ŝ(X,W) = h((∇̂
Êi
AX)Êi

X,W),

Ŝ(V ,W) = Š(V ,W) + h(A
Êi
V ,A

Êi
W).

SinceS is nonpositive, by the last expressions,Ŝ is also nonpositive on the horizontal
distribution and positive on the vertical one. Now we will prove thatŜ(X,W) = 0. We may
assume thatX = Êj . We have

(∇̂
Êi
A)

Êi
Êj = ∇̂

Êi
A

Êi
Êj −A∇̂

Êi
Êi
Êj −A

Êi
∇̂
Êi
Êj

= −1
4h(ˆR·

·ik,ˆR·
·ij )Êk − 1

2̂ (Ei(R
·
·ij ) + [Γ ·

i·, R
·
·ij ]) + 1

2Γ
k
ii (ˆR·

·kj)

+ 1
4h(ˆ(R·

·ij ),ˆ (R·
·ik))Êk + 1

2Γ
k
ij ˆ(R·

·ik).

Therefore,

Ŝ(Êj ,W) = 1
2h(ˆ(−Ei(R

l
mij) − Γ l

irR
r
mij + Γ r

imRl
rij ),W)

+ 1
2h(ˆ(Γ k

ii R
l
mkj + Γ r

imRl
rij + Γ k

ij R
l
mik),W)

= −1
2h(ˆ((∇Ei

R)(El, Em,Ei, Ej )),W).

Since the Ricci tensorS of M is parallel, we get

(∇Ei
R)(El, Em,Ei, Ej ) = 0,

and soŜ(Êj ,W) = 0. By applying Lemma 3.1 to each tangent space toZg(M), we have
that every isometry of(Zg(M), h) preserves the horizontal and vertical distributions. This
ends the proof. �

Now we can give a characterisation of the infinitesimal isometries of(Zg(M), h).

Corollary 3.1. Let ξ be any Killing vector field on the twistor space(Zg(M), h) over an
oriented2n-dimensional Riemannian manifold(M, g) with nonpositive and parallel Ricci
tensor. Then there exist a Killing vector fieldX on(M, g) and a vertical Killing vector field
V on (Zg(M), h) such that

ξ = Xˆ + V,

X̂ being the horizontal lift ofX onZg(M).

Proof. Let ϕt be the local one-parameter group of isometries of(Zg(M), h) induced byξ .
By Proposition 3.1ϕt preserves the horizontal and vertical distributions. Therefore,

ϕt (x, P ) = (θt (x), ψt (x, P )),
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whereθt is a local one-parameter group of isometries on(M, g). LetX be the Killing vector
field onM induced byθt andXˆ be its horizontal lift onZg(M). ThenXˆ is a Killing vector
field andV = ξ − Xˆ is the vertical component ofξ . �

For the infinitesimal isometries of(Zg(M), h, J), that are holomorphic with respect to the
almost complex structureJ onZg(M), we have the following lemma.

Lemma 3.2. Let (Zg(M), h, J) be the twistor space over an oriented2n-dimensional Rie-
mannian manifold(M, g). If n > 2, then there are no nontrivial holomorphic vertical
Killing vector fields on(Zg(M), h, J).

Proof. LetV be a vertical Killing vector field.V is infinitesimally holomorphic onZg(M)

if and only if LV J = 0, that is equivalent to the following system

[V, JÊi ] − J[V, Êi ] = 0, [V, JÂα] − J[V, Âα] = 0, (17)

wherei = 1, . . . ,2n, α = 1, . . . , n2 − n. The first of Eq. (17) gives

[V, P l
i Êl ] − J[V, Êi ] = 0. (18)

Taking the horizontal component of Eq. (18) and recalling formula (6), we getV (P l
i ) = 0,

for i, l = 1, . . . ,2n. SinceV = [A,P ](∂/∂P ), we have [A,P ] = 0 and, consequently,
A = 0. �

We consider now the groups Iso(Zg(M), h) of isometries of(Zg(M), h) and Isohol(Zg(M),

h, J) of holomorphic isometries of(Zg(M), h, J). We can prove the following theorem.

Theorem 3.1. Let (M, g) be a compact oriented2n-dimensional Riemannian manifold
with nonpositive and parallel Ricci tensor.

Let (Zg(M), h, J) be the twistor space of(M, g). Then, for n > 2, we have

dimIso(Zg(M), h) ≤ n(2n + 1), (19)

dimIsohol(Zg(M), h, J) ≤ 2n. (20)

Equalities hold if and only ifM is a torus.

Proof. A theorem of Bochner (see e.g. [8]) says that the isometry group Iso(M, g)of (M, g)

has dimension less than or equal to dimM. In order to prove (19), by Corollary 3.1, we are
going to estimate the dimension of the space of vertical Killing vector fields on(Zg(M), h).
Let V be a vertical Killing vector field onZg(M). We may write

V = [A,P ]
∂

∂P
,

whereA = A(x) ∈ so(2n), for all x = r(P ). As we already said, we can thinkV as an
element ofso(Tr(P )M, gr(P )) such thatP ◦ V = −V ◦ P . The vector fieldV is Killing if
and only if, for any pair of vector fieldsξ , η onZg(M), we have

h(∇̂ξV , η) + h(∇̂ηV, ξ) = 0. (21)
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Takeξ = Êi , for i = 1, . . . ,2n, andη = Âα, for α = 1, . . . , n2 − n. Then, by formula
(11), ∇̂ηV is vertical and soh(∇̂

Êi
V , Âα) = 0.

On the other hand,

h(∇̂
Êi
V , Âα) = h(̂ (Ei(A)+[Γ ·

i·, A]), Âα) = h(̂ (Ei(A
l
m) + Γ l

ik, A
k
m − Γ k

im, Al
k), Âα)

= h(̂ (∇Ei
A), Âα) = 0,

for everyÂα. Therefore,̂(∇Ei
A) = 0 for i = 1, . . . ,2n and this implies∇Ei

A = 0, since
ˆ is an isomorphism forn > 2, as we recalled.

Take nowξ = Êi , η = Êj . Formula (9) yields

h(∇̂
Êi
V , Êj ) + h(∇̂

Êj
V , Êi) = 1

2h(̂ (R
·
·ij ), Â) + 1

2h(̂ (R
·
·ji ), Â) = 0,

and, in this case, formula (21) gives no conditions onA = A(x).
Finally, if ξ = Âα andη = Âβ , then Eq. (21) reduces to the Killing condition on the

fibre. Therefore, we may identify the space of vertical Killing vector fields on(Zg(M), h)

to the space of parallel 2-forms onM. Hence, Eq. (19) is proved.
By Lemma 3.2, there are no nontrivial holomorphic Killing vector fields along the fibres

of Zg(M). Hence, the estimate (20) follows at once.
The equality in (19) holds if and only if dimIso(M, g) = 2n and, by the theorem of

Bochner, this is equivalent to say thatM is a torus.
If the equality in Eq. (20) holds, then dimIso(M, g) = 2n andM is a torus. Vice versa,

if M is a torus, then any translation lifts to a holomorphic transformation ofZg(M) and so
dimIsohol(Zg(M), h, J) = 2n. �

By the vanishing theorem of Bochner for holomorphic vector fields on almost Kähler
manifolds and the previous theorem, we get the following corollary.

Corollary 3.2. Let (M, g) be a compact almost Kähler manifold with nonpositive and
parallel Ricci tensor. If the Ricci tensor is negative, then there are no nontrivial holomorphic
Killing vector fields on the twistor space(Zg(M), h, J) and the group of the holomorphic
isometries is finite.

For further reading see [12].
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